REQUIREMENTS FOR STATE EXAM
MATHEMATICAL MODELLING IN PHYSICS AND TECHNOLOGY [MATHEMATICS]

1. INTRODUCTION

This document is an informal guide to state exam at the study programme “Mathematical modelling in physics and
technology”. Let us first clarify one thing. Study programme “Mathematical modelling in physics and technology” is a study
programme for students of mathematics. If you are studying physics, you are studying in a different study programme called
“Mathematical and computational modelling in physics”. The organisation of the state exam at this programme is slightly
different, please check the corresponding document at our webpages.

The state exam consists of two parts

e thesis defense,
e oral exam.

The exam takes place in one day, while the thesis defense usually precedes the oral exam. Detailed description of both parts
is available below.

2. THESIS DEFENSE

The student presentsﬁ7 usually in twenty minutes, the results of his/her thesis. After that he/she must discuss the issues
pointed out in the referee reports. (The referee reports are available in the Study Information System beforehand. It is
absolutely crucial to be ready to discuss referee’s comments in a highly qualified manner.) At the end the student answers
questions by the committee members and the audience.

3. ORAL EXAM

3.1. Organisation of oral exam. The oral part of state exam consists of answering several questions concerning the topics
specific for the given study programme. In principle the student will be answering questions regarding the topics studied in
the compulsory courses. More precisely, the student answers, after a preparation, in total six questions regarding

theory of partial differential equations (one question),

functional analysis (one question),

finite element method (one question),

theory of solution of systems of algebraic equations (one question),
continuum kinematics and dynamics (one question),

theory of constitutive relations (one question).

Answering one question is expected to take ten minutes. The student is expected to demonstrate deeper insight into the
discussed topics and the ability to see the subject matter in a broad context. (The student is not expected to give extreme
technical details of each proof. He/she should be able to describe the basic ideas behind the proofs and explain why the
definitions/notions/theorems are stated as they are.) Detailed list of topics for the state exam is listed below.

3.2. Topics.

(1) Partial differential equations
The topics are covered in courses Partial differential equations 1/and [Partial differential equations 2l It is expected
that the student is also familiar with the classical theory of partial differential equations at the level of the course
Introduction to partial differential equations|
(a) Sobolev spaces
Weak derivative, definition and basic properties of Sobolev spaces W*? — reflexivity, separability, density of
smooth function, extension operator for W1? functions and domain with Lipschitz boundary. Theorems con-
cerning the continuous and compact embedding of Sobolev spaces into Lebesgue and Holder spaces. Definition
of the trace operator for functions in Sobolev spaces, trace theorem, inverse trace theorem.
(b) Weak solution of linear elliptic partial differential equations in bounded domain
Definition of the weak solution to linear elliptic partial differential equation with various boundary conditions.
Existence of a solution via Riesz representation theorem (symmetric operator), via Lax—Milgram lemma and
via Galerkin method. Compactness of the solution operator, eigenvalues and eigenvectors. Fredholm alternative
and its applications. Maximum principle for the weak solution. W22 regularity via finite differences technique.
Selfadjoint operator, equivalence with the minimization problem for a quadratic functional.

Iwe expect a presentation using a projector. A computer with Adobe Acrobat Reader and Windows operating system will be available at
the defense. If you have some non-standard requirements on available software such as codecs for your videos, please make sure beforehand that
everything will work seamlessly. You can also use your own computer, the projector is typically equipped with a VGA connector, if you want a
HDMI connector, you will probably need an adaptor. Again please check it beforehand!
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(c) Weak solution of nonlinear elliptic partial differential equations in bounded domain
Fundamentals of calculus of variations, fundamental theorem of calculus of variations, dual formulation, relation
to convexity. Existence and uniqueness of the solution to nonlinear problems via fixed point theorems (nonlinear
Lax—Milgram). Existence via Galerkin method and Minty trick — monotone operator and semilinear term.
(d) Second order linear parabolic partial differential equations
Bochner spaces and their basic properties, Gelfand triple, Aubin—Lions lemma. Definition of the weak solution.
Initial conditions. Existence of a solution via Galerkin method, uniqueness and regularity of the solution (spatial
and temporal), smoothing property, maximum principle.
(e) Second order linear hyperbolic partial differential equations
Definition of the weak solution. Initial conditions. Existence of a solution via Galerkin method, uniqueness,
regularity (spatial and temporal), finite propagation speed.
(2) Numerical mathematics
The topics are covered in courses Finite element method and IMatrix iterative methods 1. It is expected that the
student is also familiar with fundamentals of numerical mathematics at the level of the course Analysis of matrix
calculations 1 and [Fundamentals of numerical mathematicsl
(a) Finite element method for solution of linear elliptic partial differential equations
Galerkin and Ritz methods for solution of abstract linear elliptic equations. Estimate on the discretization error,
Céa lemma. Defintion of the abstract finite element, simple examples of finite elements of Lagrange and Hermite
type. Approximation theory in Sobolev spaces, approximation properties of polynomial preserving operators.
Application of these results to Lagrange and Hermite type finite elements. Rate of convergence of approximate
solutions to linear elliptic partial differential equations. Estimate of the rate of convergence in L? norm, Nitsche
lemma.
Fundamentals of numerical integration in finite element method.
(b) Solution of systems of algebraic equations and eigenvalues computation
Methods for solution of systems of linear algebraic equations and eigenvalues computation. Spectral decomposi-
tion of operators and matrices. Invariant subspaces and spectral information, normality. Comparison of direct
and iterative methods for solution of systems of linear algebraic equations. Projection process and the problem
of moments. Description of the convergence of the iterative methods. Relation between iterative methods for
linear equations and methods for eigenvalues computation. Comparison of methods for solution of linear and
nonlinear systems of algebraic equations. Numerical stability and description of the algebraic error with respect
to the problems in mathematical modelling.
(3) Functional analysis
The topics are partially covered in course Functional analysis I. Theory of function spaces is also partially discussed
in courses Partial differential equations 1 and Partial differential equations 2. It is expected that the student is also
familiar with fundamental of functional analysis at the level of the course Inroduction to functional analysis.
(a) Hilbert and Banach spaces
Definition, norm, scalar product, examples. Linear functionals. Hahn-Banach theorem. Dual space, represen-
tations of some dual spaces (Hilbert spaces, Lebesgue spaces). Riesz representation theorem. Weak and weak-*
topology. Banach-Alaoglu theorem. Weak compactness. Reflexivity.
(b) Continuous linear operators
Definition, basic properties, norm, space of linear operators, adjoint operator. Spectrum and its basic properties,
spectral radius, Gelfand-Mazur theorem. Compact operators, symmetric operator, selfadjoint operator, closure,
closed operator, definition and properties of adjoint operator. Eigenvalues and eigenvectors of symmetric elliptic
operators.
(¢) Fixed point theorems
Banach theorem, Brouwer theorem, Schauder theorem, Schaefer theorem.
(d) Integral transformations and fundamentals of the theory of distributions

Definition of Fourier transform in L' and its basic properties, Fourier inversion theorem, Fourier transform
of convolution and derivative, Plancherel theorem. Space of test functions, definition of a distribution, basic
examples of distributions, characterization of a distribution, order of a distribution, operations with distributions
(derivative, multiplication), Schwarz space and tempered distributions. Fourier transformation for functions in
Schwarz space S and in the space of tempered distributions &', its basic properties. Fourier transform in L2.
(4) Continuum mechanics
The topics are covered in courses Continuum mechanics, [Thermodynamics and mechanics of non-newtonian fluids
and [Thermodynamics and mechanics of solids.
(a) Kinematics
Description of the motion of continuous media. Deformation of line, surface and volume elements, deformation,
deformation gradient, polar decomposition of deformation gradient and its interpretation, right and left Cauchy—
Green tensor, Green—Saint-Venant tensor. Rate of deformation of line, surface and volume elements. Velocity,
velocity gradient, symmetric velocity gradient, material time derivative. Isochoric deformation. Streamlines and
pathlines. Kinematic condition for material surface. Lagrange and Euler description. Compatibility conditions
for linearized strain tensor. Isotropic tensor functions, representation theorem for isotropic tensor functions.
(b) Dynamics
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Balance equations (mass, momentum, angular momentum, total energy) in Euler and Lagrange description.
Integral form for the balance equations, localization principle. Cauchy stress tensor, first Piola—Kirchhoff stress
tensor, Piola transformation. Balance equations in non-inertial reference frame.

(¢) Simple constitutive relations
Compressible and incompressible Navier—Stokes—Fourier model (viscous heat conducting fluid), equation of
state for ideal gas. Geometric linearization, linearized elasticity. Boundary conditions, displacement and traction
boundary conditions.

(d) Non-newtonian fluids
Balance equations in the case of non-newtonian fluids, identification of entropy production. Clausius—Duhem
inequality. Assumption on the maximization of the entropy production and its application in the design of
mathematical models for fluids, concept of natural configuration. Overview of non-newtonian phenomena —
shear dependent viscosity, normal stress differences, activation/deactivation criteria, stress relaxation, non-linear
creep. Principle of frame indifference and its consequences, frame indifferent quantities in fluid mechanics, frame
indifferent rates. Application of representation theorem for isotropic tensorial functions. Overview of standard
models for non-newtonian fluids. Power-law fluids, fluids with pressure dependent viscosity, Bingham type fluids.
Viscoelastic fluids and simplified spring-dashpot models. Korteweg fluids.

(e) Solids
Principle of frame indifference and its consequences, frame indifferent quantities in solid mechanics. Elastic
materials in finite elasticity theory, linearized elasticity. Incompressible materials in finite elasticity and in
linearized elasticity. Elastic material as a material that does not produce entropy, relation between the stress
tensor and free energy. Hyperelastic materials, examples of hyperelastic materials, behaviour with respect to
the determinant of deformation gradient. Variational formulation of the static problem for deformation of
hyperelastic solids. Viscoelastic solids — Kelvin—Voigt model — and simplified spring-dashpot models.

4. CONTACT

If you have any further questions, please contact Vit Prusal(prusv@karlin.mff.cuni.cz)) orJosef Mélek| (malek@karlin.mff.cuni.cz)).
We are looking forward to see you at the exam!
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